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ABSTRACT
Objectives: Heart rate recovery (HRR) after exercise is clinically important as a predictor of mortality. In addition, 
HRR is an indicator of cardiac autonomic activity, since increased vagal activity and diminished sympathetic 
activity return the heart rate to resting conditions after exercise. The previous attempts to model HRR using 
polynomial, first-order and second-order modelling have produced mixed results. In this study, we hypothesised 
that the double-exponential fit would model the HRR more accurately than the single-exponential fit as it would 
capture the activity of both autonomic arms responsible for heart rate decay and investigated the outcome of these 
two models on the HRR data following a maximal exercise.

Materials and Methods: Exponential curve fitting was done on a set of previously published data from our 
laboratory. The HRR data were acquired from 40  male participants (19–38  years) after a maximal treadmill 
exercise. The normalised HRR data from a 5-min time window from maximal heart rate were fitted using 
single and double-exponential curves, to obtain, respectively, the time constants Tau and, Tau 1 and Tau 2. 
The goodness-of-fit of the model was assessed with Chi-square values computed for each participant data set 
with both models. Considering that Chi-square of zero is a perfect fit, and therefore, smaller Chi-square values 
indicate a better fit than larger values, we computed the difference in the Chi-square values (Δχ2) between the 
models by subtracting the Chi-square value of the double-exponential fit from the Chi-square value of the single-
exponential fit. This was based on the premise that if the calculated Δχ2 is positive, it would indicate a better 
fit with double-exponential than single-exponential decay model. The data are presented as mean ± standard 
deviation. Comparisons were made with Student’s t-test.

Results: Data from four participants were excluded for technical reasons. The Tau of the single-exponential fit 
was 65.50 ± 12.13 s, while Tau 1 and Tau 2 of the double-exponential fit were 43.75 ± 18.96 s and 120.30 ± 91.32 s, 
respectively, the Tau 1 value being significantly lower than the Tau 2 value (P < 0.0001). Remarkably among the 
36 participants, the difference in the Chi-square value was positive (127.2 ± 171.04) in 22 subjects and zero or 
marginally negative (−0.17 ± 0.31) in 14 subjects.

Conclusion: Our results indicate that the double-exponential model fitted the HRR data better than the 
single-exponential model in almost two-thirds (61%) of our study population. In the remaining participants, 
the goodness-of-fit was nearly equivalent for both fits with no evidence of superior modelling with the single-
exponential fit. Our data show that while the single-exponential fit is sufficient for modelling the HRR of 14 
subjects, it was less efficient for fitting the data of most participants. In comparison, the double-exponential 
curve fit effectively modelled 100% of our study population. Given our findings, we conclude that the double-
exponential model is more inclusive and better represented the HRR data of our study population than the single-
exponential model.
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INTRODUCTION

The cardiac autonomic innervation is inaccessible for 
direct study. Many indirect parameters, including heart rate 
recovery (HRR) following exercise, are used to study it.[1] 
HRR is an independent predictor of all-cause mortality[2,3] and 
cardiovascular mortality[4,5] and is strongly related to physical 
fitness and maximal oxygen consumption.[6] Conventionally, 
HRR is considered an index of cardiac vagal reactivation,[7] 
though, on exercise termination, cardiac parasympathetic 
activity increases and cardiac sympathetic activity decreases, 
bringing the heart rate back to the resting level.

The post-exercise heart rate fall occurs in an exponential 
fashion reflecting the exponential kinetics of the underlying 
receptor action that produces parasympathetic reactivation 
and sympathetic withdrawal.[7] Multiple efforts have been 
undertaken to elucidate this decay using polynomial and 
first-order modelling,[4,8-11] but with limited success. Of 
these, some suggest that second-order models are the best 
fit for HRR following submaximal exercise,[8,10] while others 
recommend a double-exponential fit for the HRR curve.[7] 
Considering the latter to be more physiological as the heart 
rate decay is due to the synergistic action of two systems, 
both following first-order exponential relationships with 
different time constants and different profiles but ultimately 
leading to the decrease of a single component, namely, heart 
rate, from maximal to resting levels, we investigated the 
applicability of a double-exponential model on the HRR 
data obtained after maximal exercise. We hypothesised that 
the double-exponential model will be better than the single-
exponential model in elucidating the physiological processes 
of sympathetic withdrawal and parasympathetic reactivation 
that underlies the return of the heart rate to the resting level 
after maximal exercise.

MATERIALS AND METHODS

The HRR data following a maximal treadmill exercise test, 
obtained from a group of Kungfu practitioners (n = 20) and 
their age, body mass index (BMI) and physical activity level-
matched control group (n = 20), were taken for the analysis 
of exponential curve fitting reported here. Together, the 
groups comprised 40  male participants (19–38  years) who 
after written informed consent took part in the study. The 
original study that investigated physical fitness and cardiac 
autonomic control in these groups was published in 2020.[12]

HRR time constants

Real-time heart rate was acquired using the Polar wireless 
heart rate monitor belt (RS800Cx, Polar Electro, Finland) 
applied to the participant’s chest, which calculated heart rate 
based on 5-s samples of data. The heart rate was recorded 
throughout the maximal treadmill exercise protocol and for 

an additional 6 min during recovery after the exercise. The 
recovery heart rate was recorded while the participants were 
lying supine. A fixed ramp customised maximal protocol was 
programmed on the treadmill (RMS TMT MK II, Recorders 
and Medicare systems) for this study.

A 5-min time window of the heart rate from maximal heart 
rate and during the recovery period was analysed. The 
normalised HRR data were fitted using single and double-
exponential curves.

The following formulae were used for the exponential curve 
fits:

(1)	 Single-exponential curve fit.
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x0 is an arbitrary minimum x-value determined by the fit 
algorithm; y0 is the estimated minimum y-value (or heart rate); 
A, A1 and A2 are coefficients of fit; and τ, τ1 and τ2 are decay 
constants (or time constants where x-axis represents time).

Single- and double-exponential fits were done using Igor Pro 
version  9 (WaveMetrics, USA). Representative single-  and 
double-exponential fits of recovery heart rate from a subject 
are shown in [Figure 1]. The time constant obtained from the 
single-exponential fit is referred to as Tau, while the 2  time 
constants obtained from the double-exponential fit are referred 
to as Tau 1 and Tau 2. Chi-square values were computed for 
each data set with single- and double-exponential decay curves 
to estimate the goodness-of-fit of the model. Chi-square of 
zero is a perfect fit of the model to the data. The difference in 
the Chi-square values (Δχ2) of the 2 models was computed by 
subtracting the Chi-square value of the double-exponential fit 
from the Chi-square value of the single-exponential fit. If the 
difference in Chi-square values calculated in this manner is 
positive, it would indicate a better fit with double-exponential 
than single-exponential decay model. The smaller the Chi-
square value the better the model fits the data.

Further, to investigate whether the HRR data of either the 
Kungfu practitioners or the control subjects fitted better with 
the single or the double exponential curve fit, we compared 
the difference in Chi-square values (Δχ2) between the group of 
Kungfu practitioners (n = 18) and the control subjects (n = 18).

Statistical analysis

All data are presented as mean ± standard deviation (SD). 
Student’s t-test compared the time constants within the 
double-exponential fit, the time constants between the 
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Table 1: Time constants of single‑ and double‑exponential fits of HRR data (n=36).

Subject Tau Tau 1 Tau 2 Subject Tau Tau 1 Tau 2

1 89.498 67.994 130.67 19 40.228 40.162 40.642
2 70.387 68.028 72.818 20 57.163 25.192 79.089
3 87.582 53.44 206.86 21 54.302 26.55 54.335
4 62.382 57.893 70.088 22 102.24 62.724 65.454
5 58.019 57.628 58.407 23 67.714 24.747 82.416
6 64.309 63.106 65.839 24 72.901 33.975 146.38
7 55.813 60.881 448.91 25 53.171 53.481 49.53
8 54.988 55.962 58.135 26 62.238 58.082 65.917
9 74.995 12.528 100.6 27 66.706 74.328 271.54
10 74.994 10.089 121.83 28 58.147 26.658 103.65
11 71.509 39.151 374.46 29 61.853 61.189 62.508
12 51.568 42.25 90.898 30 50.135 49.766 50.768
13 50.599 36.957 70.604 31 73.375 49.938 150.83
14 69.984 13.394 132.13 32 60.899 61.276 60.459
15 66.134 53.013 242.26 33 68.378 42.021 231.17
16 64.31 32.217 104.55 34 49.781 47.702 51.194
17 70.723 9.8654 95.613 35 72.773 70.44 74.784
18 72.959 10.427 75.174 36 75.386 21.939 170.46
Subjects 1–18 belong to Kungfu group. Subjects 19–36 belong to control group. n: Number of participants, HRR: Heart rate recovery, Tau: Time constant of 
single‑exponential fit, Tau 1 and Tau 2: Time constants of double‑exponential fit

Figure 1: Representative single- and double-exponential fits of recovery heart rate from a subject. Tau: 
Time constant of single-exponential model, Tau 1 and Tau 2: Time constants of double-exponential 
model.

single-  and double-exponential fits and the difference in 
Chi-square values (Δχ2) between the group of Kungfu 
practitioners and the control subjects. Microsoft Excel, Igor 
Pro (WaveMetrics, USA) and GraphPad Prism (version 5, San 
Diego, CA) were used for data analysis and representation. 
P < 0.05 was considered significant.

RESULTS

The heart rate data of four participants were not included 
in the analysis due to technical reasons, which included the 

inability to curve fit the heart rate data and because the time 
constants were outliers.

The time constants generated by the single-exponential fit 
and the double-exponential fit are given in [Table  1]. The 
mean ± SD value of Tau obtained with the single-exponential 
fit of the HRR data of 36 participants was 65.50 ± 12.13 s. The 
double-exponential fit of the same data gave a mean ± SD Tau 
1 value of 43.75 ± 18.96 s and Tau 2 value of 120.30 ± 91.32 s. 
The Tau 1 value was significantly lower than the Tau 2 value 
(P < 0.0001). Further, Tau 1 was significantly lower than Tau 
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(P < 0.0001) and Tau 2 was significantly higher than Tau 
(P < 0.001).

Among the 36 participants, the difference in the Chi-
square value was positive (127.2 ± 171.04) in 22 subjects 
and negative or zero (-0.17 ± 0.31) in 14 subjects [Figure 2]. 
The difference in the Chi-square values (Δχ2) of the Kungfu 
practitioners (112.76 ± 184.62) was not significantly different 
from those of the control group (42.56 ± 87.23) (P = 0.1539) 
[Figure 3].

DISCUSSION

Our data reveal that the goodness of fit is better with the 
double-exponential decay model than with the single-
exponential decay model in nearly two-thirds (61%) of 
the participants of our study. In the majority of these 22 
participants, the Chi-square value of the single-exponential 
fit was greater than that of the double-exponential fit by 
a noteworthy magnitude [Figure  2]. The higher the Chi-
square value, the lower the goodness of fit or the less the 
model fits the data. We observed that in 22 subjects, the 
Chi-square value of the single-exponential fit was greater 
than the double-exponential fit by a mean ± SD value of 
127.2 ± 171.04. Of the remaining 14 subjects, the Chi-square 
value computed for both the models of fit was the same in 
one subject while in the remaining 13 participants, the Chi-
square value of the double-exponential fit was marginally 
greater than the single-exponential fit [Figure  2]. In other 
words, the goodness of fit was equivalent for both models 
of fit in 14 subjects, the mean ± SD difference in Chi-square 
values between the fits being only −0.17 ± 0.31. The findings 
of our analysis indicate a clear superiority of the double-
exponential fit over the single-exponential fit in 61% of our 
study participants, while there is no evidence to indicate that 
the single-exponential fit may be better in the remaining 
subjects.

As both wings of the autonomic nervous system act through 
receptors and hence act through first-order kinetics, various 
investigators have attempted to explain the heart rate decay 
after exercise through first-order kinetics.[4,7] However, these 
attempts have not borne fruit as the first-order exponential 
function is not a good model to explain recovery after a 
maximal exercise.[13] Pierpont and Voth have shown that 
despite this inability to fully model maximal exercise 
recovery satisfactorily, first-order kinetics can provide a 
reasonable model for submaximal exercise recovery[7] and 
Wang et al. have shown that the first-order time constant is a 
useful measure of fitness.[14]

An interesting speculation is whether a single system plays 
a major role in some individuals. Thus, parasympathetic 
reactivation may be the primary mode for decreasing 
heart rate from a maximum value in some people. In such 

Figure  2: Plot of difference in Chi-square values 
(Δχ2) computed by subtracting the Chi-square value 
of the double-exponential fit from the Chi-square 
value of the single-exponential fit. Note that in 22 
subjects (61%) the difference in Chi-square value 
is distinctly positive, indicating a better fit with 
double-exponential model in them. In 14 subjects, 
the difference is zero or minimally negative.

Figure  3: Comparison of difference in Chi-square 
values (Δχ2) between Kungfu practitioners (green 
squares) and control subjects (yellow circles). 
n = Number of participants.

conditions, first-order exponential modelling will give 
a good fit. If individuals have two processes working in 
tandem without one overpowering the other, then the 
double-exponential model could better explain the role of 
both processes. A  maximal treadmill exercise protocol, as 
performed by the subjects of our study, would be expected 
to produce maximum sympathetic activation with release of 
catecholamines in the blood. The instant that such an exercise 
stops, inhibition of the cardiac vagal supply and stimulation 
of the cardiac sympathetic outflow by cortical and peripheral 
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proprioceptive inputs would abruptly cease. However, cardiac 
sympathetic stimulation by the metaboreflex mechanism 
originating from the contracting muscles may continue for 
a further period slowing the HRR.[15,16] Moreover, the action 
of circulating catecholamines through their receptors on the 
sinoatrial node will also persist in a decremental manner.[17,18]

Thus, we conducted the current analysis on the heart rate 
data recorded during 5  min of recovery after a maximal 
treadmill exercise of 36 participants, hypothesising that 
since there are two exponents of the processes that underlie 
the recovery of heart rate from a maximum exercise, the 
double-exponential fit will be a more physiological technique 
to dissect the HRR. Modelling the recovery heart rate data 
with single and double-exponential decay curves produced 
different time constants or Tau values. This indicates that the 
two models described the data differently. When considering 
which model fits the data better, we found that the goodness 
of fit was distinctly better for the double-exponential 
model in 61% of the participants, and almost similar in the 
remaining subjects, in whom the results did not indicate 
a clear supremacy of the single-exponential model. It may 
be argued that the single-exponential curve fit is enough to 
model the HRR data in 14 of the subjects, probably because 
only a single component of the autonomic nervous system 
is predominantly responsible for the heart rate decay in 
them. Hence, the double-exponential curve fit did not give 
better results in these 14 subjects. However, applying only 
the single-exponential curve fit to all 36 subjects would have 
poorly modelled the data in 61% of our participants. On the 
other hand, had we applied only the double-exponential 
curve to all 36 subjects, we would still have satisfactorily 
modelled the HRR of 100% of our study participants. Thus, 
our data inform that the double-exponential curve fit is 
more inclusive than the single-exponential curve fit to model 
recovery heart rate after a maximal exercise.

The exploratory subgroup analysis that compared the 
difference in Chi-square values (Δχ2) between the group of 
Kungfu practitioners (n = 18) and the control subjects (n = 18) 
revealed no statistically significant difference between them 
[Figure  3]. This suggests that no one curve fitting (single 
exponential or double exponential) better modelled the HRR 
data of either the Kungfu practitioners or the control subjects. 
The control subjects were age, BMI and physical activity level 
matched to the Kungfu practitioners. From the distribution 
in [Figure 3], we perceive that the Δχ2 values are around the 
zero value in some participants of both groups, the values 
being definitely more positive in the remaining subjects in 
both groups, with more numbers with greater positivity in 
the Kungfu group. If the single-exponential curve fit alone 
had been applied, then the HRR data of all the participants 
in both groups would not have been modelled with adequate 
goodness of fit. Modelling with the double-exponential fit 

alone, on the other hand, would have acceptably captured the 
characteristics of HRR in all participants of both groups.

Of note, the absolute Chi-square values tend to be bigger 
when curve fits are done on large number of points due to 
larger statistical degrees of freedom. Therefore, it is essential 
to match the number of data points used while making the 
comparison between Chi-square values. Our study used 60 
data points for all curve fits.

HRR kinetics continue to contribute to the field of autonomic 
dysfunction,[19] studies on ageing,[20] physical fitness[21] and 
sports science.[22,23] It is thus important to fully elucidate the 
nature of HRR dynamics as it is used in various scenarios 
of health and disease. Our findings contribute to the 
mathematical understanding of the physiological processes 
that underlie HRR and will stimulate further studies in the 
field as the quest for deeper knowledge in the field continues.

CONCLUSION

Our data reveal that the double-exponential curve 
unequivocally better modelled the post maximal exercise 
5-min HRR data, than the single-exponential curve in 
majority (61%) of the participants of our study population. 
In the rest of the subjects, both fit modelled the recovery 
heart rates almost equally with no evidence to support an 
explicit edge for the single-exponential fit. Given these 
findings and the physiological fact that return of the heart 
rate to the resting level after a maximal exercise would 
necessarily involve both the processes of parasympathetic 
reactivation and waning of sympathetic action, we are 
inclined to conclude that the double-exponential fit is more 
suitable to model recovery heart rate after maximal exercise. 
Application of only the single-exponential curve fit may 
not accurately represent the HRR data of all subjects after a 
maximal exercise. Our data contribute to the knowledge base 
of kinetics of HRR after maximal treadmill exercise.
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